

















D gholehudwlyh frpplwwhh lv d jurxs ri dw ohdvw wzr lqglylgxdov zkr sxeolfo| frp0
pxqlfdwh zlwk hdfk rwkhu sulru wr yrwlqj rq d vhw ri dowhuqdwlyhv1 Zh h{dplqh d
prgho lq zklfk phpehuv ri vxfk d frpplwwhh kdyh sulydwh lqirupdwlrq dqg frp0
prq dowkrxjk qrw qhfhvvdulo| lghqwlfdo ydoxhv1 Zh ghprqvwudwh lq d yhu| jhqhudo
vhwwlqj wkdw wkh uhtxluhphqw ri d xqdqlprxv yrwh wr fkrrvh rqh ri wzr dowhuqd0
wlyhv pdnhv lw lpsrvvleoh iru hyhq d plqlpdoo| glyhuvh frpplwwhh wr ixoo| uhyhdo doo
sulydwh lqirupdwlrq sulru wr yrwlqj1 Pruhryhu/ zkhqhyhu ixoo uhyhodwlrq lv srvvleoh
xqghu wkh xqdqlplw| uxoh lw lv srvvleoh xqghu dq| rwkhu uxoh1 Ilqdoo|/ zh vkrz wkdw
rwkhu uxohv pd| vxssruw ixoo uhyhodwlrq zkhq xqdqlplw| uxoh grhv qrw1
Nh| zrugv= Gholehudwlrq/ Ixoo| uhyhdolqj ghedwh/ Xqdqlplw| uxoh
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  
D zlgho| khog lqwxlwlrq lq wkh olwhudwxuh rq mxu| dqg frpplwwhh gholehudwlrq lv wkdw uhtxlulqj
d xqdqlprxv yrwh surylghv vwurqjhu lqfhqwlyhv iru wkrvh lqyroyhg wr vkduh wkhlu rslqlrqv dqg
ghflvlrq0uhohydqw lqirupdwlrq wkdq rwkhu yrwlqj uxohv1 Sduwlfxoduo| gluhfw vwdwhphqwv ri wklv
lqwxlwlrq lqfoxgh
￿Lw vkrxog eh uhphpehuhg wkdw yhwr srzhu ru xqdqlplw| uhsuhvhqwv d frqvwudlqw wkdw lqgxfhv
gholehudwlrq= zkhq sduwlhv fdq eorfn rxwfrphv/ dfwruv kdyh lqfhqwlyhv wr ￿qg uhdvrqv wkdw
duh frqylqflqj wr doo/ qrw mxvw wr wkh pdmrulw|￿ +Hulnvhq/ 5334=48249,
dqg
￿Wkh qhfhvvlw| ri d frqvhqvxv ri doo mxuruv zklfk  rzv iurp wkh uhtxluhphqw ri xqdqlplw|/
surprwhv gholehudwlrq dqg surylghv vrph lqvxudqfh wkdw wkh rslqlrqv ri hdfk ri wkh mxuruv
zloo eh khdug dqg glvfxvvhg￿ +Vrxwk Dxvwudoldq Kljk Frxuw/ 4<<6> txrwhg lq Zdonhu dqg
Odqh/ 4<<7=5,
Vlplodu shuvshfwlyhv rq wkh frqqhfwlrq ehwzhhq xqdqlplw| dqg gholehudwlrq dovr froru pxfk
ri wkh pruh qrupdwlyh olwhudwxuh rq gholehudwlyh ghprfudf| +vhh/ iru h{dpsoh/ Vkdslur/ 5335>
Gu|}hn dqg Olvw/ 5335> dqg wkh hvvd|v lq Erkpdq dqg Uhkj/ 4<<: dqg lq Hovwhu/ 5333,1 Wklv
lqwxlwlrq lv/ krzhyhu/  dzhg1
Frqvlghu d frpplwwhh wkdw pxvw fkrrvh ehwzhhq wkh vwdwxv txr dqg dq dowhuqdwlyh1 Dvvxph
wkdw hdfk phpehu ri wkh frpplwwhh pd| kdyh sulydwh lqirupdwlrq wkdw lv pruh ru ohvv idyrudeoh
wr wkh dowhuqdwlyh1 Lq d gholehudwlyh vhwwlqj phpehuv ri wkh frpplwwhh pdnh sxeolf vwdwhphqwv
wr wkh uhvw ri wkh frpplwwhh sulru wr yrwlqj1 Xqghu wkh xqdqlplw| uxoh wkh dowhuqdwlyh lv
fkrvhq rqo| li hyhu| phpehu ri wkh frpplwwhh yrwhv iru lw1 Qrz frqvlghu wkh sureohp idflqj d
frpplwwhh phpehu wu|lqj wr ghflgh li kh vkrxog wuxwkixoo| uhyhdo sulydwh lqirupdwlrq idyrudeoh
wr wkh vwdwxv txr1 Li doo rwkhu frpplwwhh phpehuv wuxwkixoo| uhyhdo wkhlu sulydwh lqirupdwlrq
5wkhq dw wkh yrwlqj vwdjh wkh phpehu fdq dozd|v hqvxuh wkh vwdwxv txr lv vhohfwhg zkhqhyhu
d vwdwh kdv rffxuuhg lq zklfk kh suhihuv lw1 Wkxv wkh rqo| wlph lw pdwwhuv zkdw d phpehu
vd|v sulru wr yrwlqj lv li +4, wkh lqirupdwlrq uhyhdohg e| wkh rwkhu phpehuv lv vxfk wkdw zkhq
frpelqhg zlwk klv rzq sulydwh lqirupdwlrq kh suhihuv wkh dowhuqdwlyh/ +5, wkhuh duh rwkhu
phpehuv zkr suhihu wkh vwdwxv txr jlyhq wkh vdph lqirupdwlrq dqg +6, e| fodlplqj wr kdyh
revhuyhg lqirupdwlrq pruh idyrudeoh wr wkh dowhuqdwlyh kh fdq lqgxfh doo rwkhu phpehuv wr yrwh
iru wkh dowhuqdwlyh1 Xqghu wkh dvvxpswlrq wkdw wuxwkixoo| uhsruwlqj lqirupdwlrq pruh idyrudeoh
wr wkh dowhuqdwlyh fdqqrw lqgxfh phpehuv wr eh ohvv olnho| wr yrwh iru wkh dowhuqdwlyh lw iroorzv
wkdw frpplwwhh phpehuv kdyh dq lqfhqwlyh qrw wr uhyhdo lqirupdwlrq wkdw lv ohvv idyrudeoh wr
wkh dowhuqdwlyh
E h o r zz hv k r zw k d wdixoo| uhyhdolqj gholehudwlrq htxloleulxp lq zklfk hyhu| phpehu ri
wkh frpplwwhh dozd|v wuxwkixoo| uhyhdov wkhlu sulydwh lqirupdwlrq sulru wr yrwlqj lv srvvleoh
xqghu xqdqlplw| uxoh rqo| zkhq wkhuh fdq eh qr frq lfw derxw zklfk froohfwlyh fkrlfh lv wkh
uljkw rqh1 Exw jlyhq vxfk suhihuhqfh krprjhqhlw|/ gholehudwlrq fdq eh ixoo| uhyhdolqj xqghu
dq| yrwlqj uxoh dw doo1 Pruhryhu/ rwkhu uxohv fdq vxssruw ixoo lqirupdwlrq uhyhodwlrq hyhq zkhq
wkh xqdqlplw| uxoh fdqqrw1
Wkh h{lvwlqj irupdo olwhudwxuh frqfhuqhg zlwk gholehudwlrq dqg pxowl0shuvrq frpplwwhh
yrwlqj xqghu lqfrpsohwh lqirupdwlrq lv dv |hw vpdoo14 Dxvwhq0Vplwk +4<<3d/e, frqvlghuv wkh
uroh ri ghedwh lq d vsdwldo prgho ri hqgrjhqrxv djhqgd0vhwwlqj xqghu pdmrulw| uxoh> Fdoyhuw
dqg Mrkqvrq +4<<;, orrn dw wkh frruglqdwlqj uroh ri ghedwh lq d frpsohwh lqirupdwlrq prgho
ri frpplwwhh ghflvlrq0pdnlqj> dqg Dudjrqhv/ Jloerd/ Srvwohzdlwh dqg Vfkphlgohu +5334, sur0
4Wkhuh lv d frpsohphqwdu| irupdo olwhudwxuh frqfhuqhg zlwk ?0shuvrq ghedwh dlphg dw lq xhqflqj dq xqlq0
iruphg prqrsrolvwlf ghflvlrq0pdnhu1 H{dpsohv lqfoxgh Jod}hu dqg Uxelqvwhlq +5334,/ Rwwdyldql dqg Vruhqvhq
+5334,/ Olspdq dqg Vhssl +4<<8,/ Glhuphlhu dqg Ihgghuvhq +5334, dqg Dxvwhq0Vplwk +4<<6d/ 4<<6e,1 Nh|
gl￿huhqfhv ehwzhhq wkh sdshuv flwhg lq wkh wh{w dqg wkrvh idoolqj zlwklq wklv frpsohphqwdu| fodvv duh wkdw/ lq
wkh odwwhu/ wkh vhw ri lqglylgxdov gholehudwlqj grhv qrw frlqflgh zlwk wkh vhw ri lqglylgxdov uhvsrqvleoh iru pdnlqj
d ghflvlrq dqg wkhuh lv qr h{solflw frqfhuq zlwk vwudwhjlf yrwlqj1
6srvh d qrq0Ed|hvldq iudphzrun iru dujxphqw1 Wkh prvw forvho| frqqhfwhg sdshuv wr wkh
fxuuhqw frqwulexwlrq duh Grudv}hovnl/ Jhudugl dqg Vtxlqwdql +5334,/ Dxvwhq0Vplwk dqg Ihg0
ghuvhq +5335, dqg Frxjkodq +5334,1 Dvvxplqj d fkhds0wdon vwdjh sulru wr yrwlqj/ Grudv}hovnl/
Jhudugl dqg Vtxlqwdql +5334= Sursrvlwlrq 6, suryh dq lpsrvvlelolw| uhvxow iru ixoo| uhyhdolqj
htxloleuld lq d wzr0shuvrq prgho zlwk gholehudwlrq ryhu d ￿{hg elqdu| djhqgd zlwk xqdqlplw|
uxoh> Dxvwhq0Vplwk dqg Ihgghuvhq +5335= Sursrvlwlrq 7, hvwdeolvk d vlplodu fodlp iru d sduwlfx0
odu wkuhh0shuvrq frpplwwhh> dqg Frxjkodq +5334= Sursrvlwlrq 8, ￿qgv vx!flhqw frqglwlrqv iru
d ixoo| uhyhdolqj gholehudwlrq dprqj mxuruv xqghu xqdqlplw| uxoh1 Wkh uhvxowv lq Grudv}hovnl/
Jhudugl dqg Vtxlqwdql +5334, dqg Dxvwhq0Vplwk dqg Ihgghuvhq +5335,/ dv zhoo dv wkh uhvxow
lq Frxjkodq +5334, duh lpphgldwh fruroodulhv ri Wkhruhp 4 ehorz1 Wklv lv wkh fdvh vlqfh/ e|
frqvwuxfwlrq/ wkh frpplwwhh lv frpsrvhg ri phpehuv zlwk khwhurjhqrxv suhihuhqfhv erwk lq
Grudv}hovnl/ Jhudugl dqg Vtxlqwdql dqg lq Dxvwhq0Vplwk dqg Ihgghuvhq/ dqg wkh vx!flhqw
frqglwlrqv iru Frxjkodq*v fodlp lqvxuh wkh frpplwwhh vdwlv￿hv suhihuhqfh krprjhqhlw|1
Ilqdoo|/ Jhudugl dqg \duly +5335, dgrsw d txlwh gl￿huhqw dssurdfk/ hlwkhu wr wkh sdshuv flwhg
deryh ru wr wklv sdshu1 Lq sduwlfxodu/ xqolnh wkh irfxv rq ixoo lqirupdwlrq uhyhodwlrq lq zkdw
iroorzv/ Jhudugl dqg \duly gr qrw frqvlghu dq| txdolwdwlyh surshuwlhv ri gholehudwlrq shu vh1
Iudplqj wkh lvvxh dv rqh ri phfkdqlvp ghvljq xqghu lqfrpsohwh lqirupdwlrq/ wkh| lqvwhdg vwxg|
wkh devwudfw uhodwlrqvklsv ehwzhhq vhwv ri vhtxhqwldo htxloleulxp rxwfrphv dfklhydeoh wkurxjk
xqphgldwhg fkhds0wdon frppxqlfdwlrq lq yrwlqj jdphv1 D nh| ihdwxuh ri wkhlu dujxphqw lv wkh
idfw wkdw doo lqglylgxdov dozd|v yrwlqj xqdqlprxvo| lv frqvlvwhqw zlwk vhtxhqwldo htxloleulxp
xqghu dq| qrq0xqdqlprxv uxoh1 Exw lq wkh fdvh wkdw gholehudwlrq sulru wr d yrwh uhvxowv lq
frpsohwh lqirupdwlrq dprqj frpplwwhh phpehuv dw wkh wlph ri wkh yrwh/ suhvfulelqj wkdw
lqglylgxdov vxuho| yrwh wkh vdph zd| lq dq| ghflvlrq dprxqwv wr suhvfulelqj wkdw lqglylgxdov




Frqvlghu d frpplwwhh Q @ i4>5>===>qj/ q ￿ 5/ wkdw kdv wr fkrrvh dq dowhuqdwlyh } 5i {>|j>
ohw { eh wkh vwdwxv txr srolf|1 Hdfk lqglylgxdo l 5 Q kdv sulydwh lqirupdwlrq +e￿>v ￿, 5 E ￿ V/
zkhuh e￿ lv d suhihuhqfh sdudphwhu/ ru eldv/d q gv￿ lv d vljqdo uhjduglqj wkh dowhuqdwlyhv1 Dvvxph
wkh vhwv E dqg V duh ￿qlwh dqg frpprq dfurvv lqglylgxdov l 5 Q1 Zulwh E? ￿ E dqg V? ￿ V>
d vlwxdwlrq lv dq| sdlu +e>v, 5 E ￿ V/ zkhuh e @+ e￿>===>e?,/ v @+ v￿>===>v?,1 Dqg zlwk d
frqyhqlhqw dexvh ri odqjxdjh/ dq| sur￿oh v 5 V lv d vwdwh11 Ohw s+e>v, eh wkh suredelolw| wkdw
vlwxdwlrq +e>v, 5 E ￿ V rewdlqv11
Iru dq| frpplwwhh phpehu l 5 Q/ l*v suhihuhqfhv ryhu i{>|j ghshqg h{foxvlyho| rq l*v
rzq eldv e￿ 5 E dqg rq wkh vwdwh v 5 V= iru dq| eldv e 5 E wkhuh lv d qrqhpsw| vxevhw ri
vwdwhv VK ￿ V vxfk wkdw v 5 VK lpsolhv x+|>e>v, Ax +{>e>v, dqg v @ 5 VK lpsolhv x+|>e>v, ?
x+{>e>v,1 Wr dyrlg wulyldolwlhv zh dvvxph wkdw hyhu| vlwxdwlrq rffxuv zlwk srvlwlyh suredelolw|
dqg/ ehfdxvh wkh frqfhuq khuh lv zlwk xqdqlplw| uxoh/ wkdw wkhuh dozd|v h{lvw vwdwhv dw zklfk
doo phpehuv suhihu dowhuqdwlyh |1
D{lrp 4 +Ixoo Vxssruw, Iru doo +e>v, 5 E ￿ V/ s+e>v, A 31
D{lrp 5 +Frqvhqvxv, Iru doo e @+ e￿>===>e ?, 5 E/ V+e, ￿_ ￿M￿VK￿ 9@ >1
Jlyhq wkdw wkh frpplwwhh lv wr fkrrvh iurp d ￿{hg elqdu| djhqgd/ lw lv idluo| qdwxudo wr
lqwhusuhw vljqdov v 5 V dv frqvwlwxwlqj pruh ru ohvv hylghqfh iru fkrrvlqj rqh ru rwkhu ri wkh
wzr dowhqdwlyhv1 Frqvhtxhqwo|/ dvvxph wkdw wkh vhw ri vljqdov V lv rughuhg e| d elqdu| uhodwlrq/
"/ vxfk wkdw wkh iroorzlqj prqrwrqlflw| frqglwlrq rewdlqv1
D{lrp 6 +Prqrwrqlflw|, Iru dq| v>v￿ 5 V vxfk wkdw v " v￿ dqg v3 5 V?3￿/ ohw v @ +v3>v, 5
V dqg v￿ @ +v3>v ￿, 5 V1 Wkhq x+|>e>v, Ax +|>e>v￿, dqg x+{>e>v, ?x +{>e>v￿, iru dq| e 5 E1
Lq zrugv/ vxssrvh wkhuh lv d sdlu ri vwdwhv wkdw gl￿hu rqo| lq wkdw vrph phpehu kdv revhuyhg
v 5 V lq wkh ￿uvw vwdwh dqg v￿ 5 V> wkhq v " v￿ lpsolhv wkdw v lv vwurqjhu lqirupdwlrq wkdq v￿
8lq idyru ri | dqg djdlqvw {1 Dqg qrwlfh wkdw wklv d{lrp dovr exlogv lq d ghjuhh ri v|pphwu|=
dq| lqglylgxdo*v uhodwlyh hydoxdwlrq ri wkh wzr dowhuqdwlyhv lv prqrwrqh lq vljqdov zkdwhyhu wkh
lqglylgxdo*v eldv e dqg luuhvshfwlyh ri h{dfwo| zklfk frpplwwhh phpehu uhfhlyhv zkdw vljqdo1
Wkh frpplwwhh fkrrvhv dq rxwfrph e| yrwlqj xqghu xqdqlplw| uxoh1 Wkdw lv/ { lv wkh
rxwfrph xqohvv hyhu| phpehu ri wkh frpplwwhh yrwhv iru |1 Sulru wr yrwlqj zh dvvxph wkhuh
lv d gholehudwlrq skdvh lq zklfk hyhu| phpehu ri wkh frpplwwhh fdq vlpxowdqhrxvo| vhqg d
phvvdjh p wr hyhu| rwkhu phpehu ri wkh frpplwwhh1 Iru dq| l 5 Q/ eldv e 5 E dqg vljqdo
v 5 V/o h wP eh wkh vhw ri dydlodeoh phvvdjhv zkhuh P lv dq duelwudu|/ xqfrxqwdeo| lq￿qlwh
vhw1 D phvvdjh vwudwhj| iru l 5 Q lv d ixqfwlrq/ ￿￿ = E ￿ V $ P1 D phvvdjh sur￿oh
p @ +p￿>p 2>===>p ?, 5 P? ￿ P lv d ghedwh1
Gh￿qlwlrq 4 D phvvdjh vwudwhj| sur￿oh ￿ lv ixoo| uhyhdolqj li/ iru doo l 5 Q/ iru doo e 5 E
dqg doo sdluv ri glvwlqfw vljqdov v>v￿ 5 V/ ￿￿+e>v, 9@ ￿￿+e>v￿,1
Dv gh￿qhg khuh/ ixoo| uhyhdolqj phvvdjh vwudwhjlhv pd| ru pd| qrw uhyhdo lqirupdwlrq derxw
lqglylgxdo eldvhv1 Ehfdxvh lqglylgxdov* suhihuhqfhv ghshqg rqo| rq wkh vwdwh dqg rq wkhlu
rzq eldv/ li d ghedwh ixoo| uhyhdov wkh vwdwh wkhq dgglwlrqdo lqirupdwlrq derxw rwkhuv* eldvhv
lv ghflvlrq0luuhohydqw1 Wkxv wkh nh| ihdwxuh ri d ixoo| uhyhdolqj phvvdjh vwudwhj| lv wkdw lw
surylghv ixoo lqirupdwlrq derxw wkh vshdnhu*v vljqdo1
Frqvlvwhqw zlwk wkh prwlydwlrq iru wkh sdshu/ rxu irfxv lv rq gholehudwlrq wkdw |lhogv doo
lqglylgxdov* lqirupdwlrq ehlqj vkduhg sulru wr wkh yrwlqj vwdjh> wkdw lv/ rq ixoo| uhyhdolqj
ghedwhv1 Lq wklv frqwh{w/ wkhuh lv qr orvv ri jhqhudolw| lq dvvrfldwlqj phvvdjhv gluhfwo| zlwk wkh
lqirupdwlrq wkh| duh suhvxphg wr uhsruw/ vr dvvxph E ￿ V ￿ P1W k h q￿ lv ixoo| uhyhdolqj li/
iru doo l 5 Q dqg doo +e>v, 5 E ￿V/ ￿￿+e>v, @ v1
Gh￿qlwlrq 5 D frpplwwhh lv plqlpdoo| glyhuvh li dqg rqo| li wkhuh h{lvw e>e￿ 5 E vxfk wkdw
VK 9@ VK￿1
Lq zrugv/ d frpplwwhh lv plqlpdoo| glyhuvh li lwv phpehuvkls h{klelwv suhihuhqfh khwhurjhqhlw|
9dw ohdvw wr wkh h{whqw wkdw wkhuh lv vrph sdlu ri lqglylgxdo eldv sdudphwhuv wkdw glvdjuhh derxw
wkh vwdwhv lq zklfk dowhuqdwlyh | vkrxog eh vhohfwhg1 Xqghu wkh ixoo vxssruw dvvxpswlrq/ lw lv
srvvleoh iru doo lqglylgxdov wr h{klelw wkh vdph eldv dqg/ wkhuhiruh/ wkh rqo| frpplwwhhv wkdw
duh qrw plqlpdoo| glyhuvh duh frpplwwhhv lq zklfk wkhuh lv qhyhu dq| glvdjuhhphqw derxw zkhq
dowhuqdwlyh | lv wkh ehvw fkrlfh +VK @ VK￿ iru doo e>e￿ 5 E,1
Iru doo e 5 E/ ohw Wf+e, ￿ V+e, dqg/ iru dq| n @4 >5>===/ uhfxuvlyho| gh￿qh wkh vhwv
W&+e, @ iv @ 5^ ,’&
,’￿W&3,+e,m<v>v￿ 5 V = v￿ " v/ +v3>v, @ v> +v3>v ￿, @ v￿ dqg v￿ 5 W&3￿+e,j=
Wkxv W￿+e, lv wkh vhw ri vwdwhv qrw lq Wf+e, vxfk wkdw/ jlyhq wkh uhdol}hg eldv sur￿oh e/
fkdqjlqj dq| rqh shuvrq*v lqirupdwlrq iurp v wr v￿ uhvxowv lq d vwdwh lq Wf+e, ￿ V+e,> W2+e,
lv wkh vhw ri vwdwhv qrw lq W￿+e, vxfk wkdw fkdqjlqj dq| rqh shuvrq*v lqirupdwlrq iurp v wr v￿
uhvxowv lq d vwdwh lq W￿+e,> dqg vr rq1 Lqirupdoo|/ wkh vhw W&+e, lv wkh vhw ri vwdwhv vxfk wkdw
w k h u hl vds d w kr in vlqjoh frruglqdwh fkdqjhv ri lqirupdwlrq wkdw ohdg wr d vwdwh dw zklfk | lv
suhihuuhg xqdqlprxvo|1 Vlqfh V dqg Q duh ￿qlwh lw iroorzv wkdw
^&’fc￿c￿￿￿c?W&+e, @ V=
Ohppd 4 Dvvxph ixoo vxssruw/ frqvhqvxv dqg prqrwrqlflw|1 Lq d plqlpdoo| glyhuvh frpplw0
whh wkhuh h{lvwv d eldv sur￿oh e @+ e3>e>e ￿, 5 E dqg d vwdwh v 5 W￿+e, vxfk wkdw v @ 5 VK exw
v 5 VK￿=
Surri Ohw e @ +e3>e>e ￿, 5 E +zkhuh/ e| dq dexvh ri qrwdwlrq/ lw lv xqghuvwrrg wkdw e3 5
E?32,> e| frqvhqvxv/ V+e, 9@ >1 Iluvw dvvxph wkhuh lv d vwdwh v 5 VK_W&n￿+e,1 E| ixoo vxssruw
dqg gh￿qlwlrq ri W&+e,/ wkhuh h{lvwv d vljqdo v￿ " v vxfk wkdw +v3>v ￿, @ v￿ 5 W&+e,> pruhryhu/
e| prqrwrqlflw|/ v￿ 5 VK1 Khqfh/ v 5 VK _W&n￿+e, lpsolhv wkhuh h{lvwv d vwdwh v￿ 5 VK _W&+e,1
Qrz vxssrvh e lv vxfk wkdw/ iru dq| v 5 W&+e,/ v @ 5 VK1 Wkhq e| wkh suhylrxv dujxphqw/ wkhuh
f d qe hq rv 5 W&n￿+e, vxfk wkdw v 5 VK1 Khqfh/ VK _ W￿+e, @ > lpsolhv VK _ W&+e, @ > iru
doo nA4 lq zklfk fdvh/ ehfdxvh ^&’fc￿c￿￿￿c?W&+e, @ V/l wp x v we hw k d wVK @ V+e,1 Lw iroorzv
:wkdw li/ frqwudu| wr wkh ohppd/ iru doo e 5 E wkhuh h{lvwv qr v 5 W￿+e, dqg frpsrqhqwv e>e￿
ri e vxfk wkdw v @ 5 VK exw v 5 VK￿/ wkhq VK @ V+e, iru doo frpsrqhqwv ri e/ ylrodwlqj plqlpdo
glyhuvlw|1 ￿
D yrwlqj vwudwhj| iru phpehu l 5 Q lv d ixqfwlrq ￿￿ = E￿V ￿P $i {>|j wkdw pdsv hyhu|
ghedwh lqwr d yrwlqj ghflvlrq1 D ixoo| uhyhdolqj gholehudwlrq htxloleulxp lv d Shuihfw Ed|hvldq
Htxloleulxp +￿> ,@+ + ￿￿>===>￿ ?,>+￿￿>===>￿?,, vxfk wkdw ￿ lv ixoo| uhyhdolqj dqg   lv d sur￿oh
ri zhdno| xqgrplqdwhg yrwlqj vwudwhjlhv1
Wkhruhp 4 Dvvxph ixoo vxssruw/ frqvhqvxv dqg prqrwrqlflw|1 Wkhuh h{lvwv d ixoo| uhyhdolqj
gholehudwlrq htxloleulxp li dqg rqo| li wkh frpplwwhh lv qrw plqlpdoo| glyhuvh1
Surri +Qhfhvvlw|, Lq dq| ixoo| uhyhdolqj gholehudwlrq htxloleulxp/ wkh uhvwulfwlrq wr zhdno|
xqgrplqdwhg yrwlqj vwudwhjlhv lpsolhv ￿￿+e>v>p, @ | li dqg rqo| li +v3￿>v, 5 VK/ zkhuh v3￿ @
p3￿ iru hyhu| l 5 Q dqg e 5 E1 Lw iroorzv wkdw d phpehu*v yrwlqj vwudwhj| grhv qrw ghshqg rq
wkh phvvdjh vkh vhqgv lq ghedwh1 Frqvlghu wkh gholehudwlrq vwdjh dqg/ e| zd| ri frqwudglfwlrq/
vxssrvh ￿ lv ixoo| uhyhdolqj |hw wkh frpplwwhh lv plqlpdoo| glyhuvh1 Wkhq/ jlyhq wkh ehkdylru
dw wkh yrwlqj vwdjh/ ixoo| uhyhdolqj phvvdjh vwudwhjlhv frqvwlwxwh dq htxloleulxp li dqg rqo| li/
iru hyhu| l 5 Q dqg hyhu| +e￿>v ￿, 5 E ￿ V/ lw lv wkh fdvh wkdw
HX+p￿ @ v￿>e ￿>v ￿, ￿ HX￿+p￿ @ v￿>e ￿>v ￿, ￿ 3 iru dq| v￿ 5 Pqiv￿j +4,





s+e3￿>v3￿me￿>v ￿,^Su+{me>v>p ￿,x+{>e￿>v, .S u +|me>v>p ￿,x+|>e￿>v,‘
dqg Su+}me>v>p ￿, lv wkh suredelolw| wkdw } 5i {>|j lv wkh frpplwwhh ghflvlrq jlyhq eldv sur￿oh
e @ +e3￿>e ￿,/ vwdwh v @ +v3￿>v ￿, dqg ghedwh +p3￿>p ￿, @ +v3￿>p ￿,1I l { l 5 Q dqg ohw
+e￿>v ￿, @ +e>v,> iru dq| v￿ 5 Pqivj/ gh￿qh wkh ixqfwlrq
*EKcr￿+v>v￿>e3￿>v3￿, ￿
￿
Su+{me>v>v, ￿ Su+{me>v>v ￿,
￿
^x+{>e>v, ￿x+|>e>v,‘
;zlwk e @+ e3￿>e, dqg v @+ v3￿>v,1 Wkhq zh fdq uhzulwh +4, htxlydohqwo| dv uhtxlulqj wkdw iru





s+e3￿>v3￿me>v,*EKcr￿+v>v￿>e3￿>v3￿, ￿ 3= +5,
E| dvvxpswlrq/ ￿3￿ lv ixoo| uhyhdolqj ri doo rwkhuv* vljqdov dqg/ e| wkh suhfhglqj dujxphqw
rq ￿￿/ iru doo phvvdjhv p￿ 5 P dqg doo eldv sur￿ohv +e3￿>e, 5 E/ +v3￿>v, 5 VqVK lpsolhv
Su+{m+e3￿>e,>+v3￿>v,>p ￿,@4 1 Vlploduo|/ iru dq| vwdwh +v3￿>v, 5 Vq+V+e, ^ W￿+e,, lw pxvw eh
wkdw Su+{m+e3￿>e,>+v3￿>v,>p ￿, @4 11 Jlyhq +e￿>v ￿, @ +e>v,/ wkhuhiruh/ iru doo v￿ 5 Pqivj dqg
doo e3￿ 5 E?3￿/
+v3￿>v, 5 Vq
￿
V+e, ^ W￿+e, ^ VK
￿
, *EKcr￿+v>v￿>e3￿>v3￿, @3 = +6,
Wkh suhfhglqj dujxphqw lpsolhv wkdw dq lqglylgxdo l zlwk eldv e fdq fkdqjh wkh rxwfrph





1 Iru doo e 5 E/ gh￿qh
[￿+e>v>v ￿, @ i+v3￿>v, 5 V+e,m+v3￿>v ￿, @ 5 V+e,j
wr eh wkh vhw ri vwdwhv vxfk wkdw li dq lqglylgxdo l zkr lv vxssrvhg wr uhsruw v lqvwhdg uhsruwv





m+v3￿>v ￿, 5 V+e,j
wr eh wkh vhw ri vwdwhv lq zklfk l suhihuv | dqg/ li l lv vxssrvhg wr uhsruw v exw lqvwhdg uhsruwv
v￿ dw e/ wkh rxwfrph fkdqjhv iurp { wr |1 Qrwh wkdw/ e| prqrwrqlflw|/ li \￿+e>v>v ￿, 9@ > iru
vrph e 5 E/ wkhq [￿+e>v>v ￿, @ > iru doo e 5 E dqg/ li [￿+e>v>v ￿, 9@ > iru vrph e 5 E/w k h q
\￿+e>v>v ￿, @ > iru doo e 5 E= Wkdw lv/ \￿+e>v>v ￿, 9@ > iru vrph e 5 E lpsolhv wkdw v￿ lv vwurqjhu
hylghqfh iru | wkdq v/ zkhuhdv [￿+e>v>v ￿, 9@ > iru vrph e 5 E lpsolhv v￿ lv zhdnhu hylghqfh iru
| wkdq v1 E| prqrwrqlflw| erwk vwdwhphqwv fdqqrw eh wuxh1 Iru dq| e 5 E dqg v>v￿ 5 V/o h w
]3
￿ +e>v>v ￿, ￿i v3￿ 5 V?3￿m+v3￿>v, 5
￿
\￿+e>v>v ￿, ^ [￿+e>v>v ￿,
￿
j=
<Froohfwlqj whupv dqg xvlqj +6,/ zh fdq uhzulwh wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw +5, dv






s+e3￿>v3￿>me>v,*EKcr￿+v>v￿>e3￿>v3￿, ￿ 3= +7,
E| Ohppd 4 dqg ixoo vxssruw/ plqlpdo glyhuvlw| lpsolhv wkhuh lv d +e3￿>e, 5 E dqg d sdlu
ri vljqdov v>v￿ 5 V vxfk wkdw \￿++e3￿>e,>v>v ￿, 9@ > dqg [￿++e3￿>e,>v>v ￿,@>1 E| gh￿qlwlrq/
+v3￿>v, 5 \￿++e3￿>e,>v>v ￿, lpsolhv x+{>e>+v3￿>v,, ?x +|>e>+v3￿>v,, dqg Su+{m+e3￿>e,>v>v, ￿
Su+{m+e3￿>e,>v>v ￿, @4 11 Khqfh/ iru doo +e3￿>e, 5 E/
v3￿ 5 ]3
￿ +e>v>v ￿, , *EKcr￿+v>v￿>e3￿>v3￿, ? 3=
Exw wkhq wkh lqfhqwlyh frpsdwlelolw| frqglwlrqv duh vxuho| ylrodwhg/ frqwudglfwlqj wkh h{lvwhqfh
ri d ixoo| uhyhdolqj gholehudwlrq htxloleulxp lq dq| plqlpdoo| glyhuvh frpplwwhh1 Wklv suryhv
qhfhvvlw|1
+Vx!flhqf|, Dvvxph wkh frpplwwhh lv qrw plqlpdoo| glyhuvh1 Wkhq iru doo e 5 E dqg doo
e @ +e3>e, 5 E/ VK @ V+e,1 Lq wklv fdvh wkhuh lv qr e 5 E dqg sdlu ri vljqdov v>v￿ 5 V vxfk
wkdw \￿+e>v>v ￿, 9@ > iru dq| l 5 Q1 Vlqfh lqfhqwlyh frpsdwlelolw| lv dvvxuhg iru dq| l 5 Q/
e 5 E dqg sdlu ri vljqdov v>v￿ 5 V vxfk wkdw [￿+e>v>v ￿, 9@ > dqg \￿+e>v>v ￿,@>/ ixoo uhyhodwlrq
lv dq htxloleulxp vwudwhj|1 Wklv frpsohwhv wkh surri1 ￿
Wkxv wkh flufxpvwdqfhv xqghu zklfk xqdqlplw| uxoh surprwhv ixoo| uhyhdolqj gholehudwlrq duh
frq￿qhg wr wkrvh lq zklfk lw lv frpprq nqrzohgjh wkdw wkh frpplwwhh lv krprjhqrxv zlwk
uhvshfw wr suhihuhqfhv ryhu dowhuqdwlyhv1 Pruhryhu/ lw lv hdv| wr vhh wkdw wkh wkhruhp krogv
lq wkh fdvh wkdw wkh wuxh eldv sur￿oh e 5 E lv frpprq nqrzohgjh15 Zh forvh wklv vhfwlrq e|
uhfruglqj dq hdv| lpsolfdwlrq ri Wkhruhp 4> dowkrxjk whfkqlfdoo| vwudljkwiruzdug/ wkh fruroodu|
lv vxevwdqwlyho| frqvhtxhqwldo1
5Wklv lv hvvhqwldoo| d pdwwhu ri qrwdwlrq= ￿{ d eldv sur￿oh M ’ EK￿c￿￿￿cK ?￿/ vxssrvh M lv frpprq nqrzohgjh
dqg ohw ￿ ’ tK￿c￿￿￿cK ?￿1 Wkhq wkh gh￿qlwlrqv dqg dqdo|vlv jr wkurxjk rq uhsodflqj uhihuhqfhv wr ￿eldvhv
KcK
￿ M ￿￿ zlwk uhihuhqfhv wr ￿lqglylgxdov ￿c￿ M ￿ zlwk eldvhv K￿cK ￿ M ￿￿/ dqg vr rq1
43Ohw t 5i 4>5>===>qj1D t uxoh l vdy r w l q ju x o hv x f kw k d wl id wo h d v wt ￿ 4 frpplwwhh
phpehuv yrwh iru | djdlqvw {/ wkhq | lv wkh frpplwwhh ghflvlrq1 Xqdqlplw| uxoh lv d t uxoh
zlwk t @ q1 Wkhq qrwlqj wkdw wkh vx!flhqf| dujxphqw iru Wkhruhp 4 grhv qrw ghshqg lq dq|
vxevwdqwlyh zd| rq wkh xqdqlplw| uxoh/ wkh dujxphqw fdq eh dssolhg gluhfwo| wr |lhog
Fruroodu| 4 Dvvxph ixoo vxssruw/ frqvhqvxv dqg prqrwrqlflw|1 Li wkhuh h{lvwv d ixoo| uhyhdolqj
gholehudwlrq htxloleulxp xqghu xqdqlplw| uxoh wkhq wkhuh h{lvwv d ixoo| uhyhdolqj gholehudwlrq
htxloleulxp xqghu doo t uxohv1
Ehfdxvh frpplwwhhv wkdw duh qrw plqlpdoo| glyhuvh xqdqlprxvo| djuhh rq wkh suhihuuhg dowhu0
qdwlyh lq hyhu| vlwxdwlrq/ vxfk frpplwwhhv fdq dozd|v vxssruw ixoo| uhyhdolqj ghedwh zkdwhyhu
yrwlqj uxoh lv xvhg wr ￿qdol}h d ghflvlrq1 Ilqdoo|/ Dxvwhq0Vplwk dqg Ihgghuvhq +5335, ghvfuleh
d prgho ri d plqlpdoo| glyhuvh wkuhh0shuvrq frpplwwhh lq zklfk mEm @5 / mVm @6dqg/ iru d
qrq0ghjhqhudwh vhw ri sdudphwhuv/ wkhuh h{lvwv d ixoo| uhyhdolqj gholehudwlrq htxloleulxp xqghu
pdmrulw| uxoh1 Wkxv wkhuh duh flufxpvwdqfhv lq zklfk wkh frpplwwhh lv plqlpdoo| glyhuvh dqg
xqdqlplw| uxoh holflwv vwulfwo| ohvv lqirupdwlrq iurp gholehudwruv wkdq vlpsoh pdmrulw| uxoh1
   	    
  
Lq frqwudvw wr d frpprq zlvgrp/ xqdqlprxv yrwlqj fdq/ xqghu yhu| jhqhudo frqglwlrqv/ fuhdwh
lqfhqwlyhv iru lqglylgxdov wr uhyhdo ohvv lqirupdwlrq lq ghedwh wkdq wkh| zrxog eh zloolqj wr
uhyhdo xqghu d qrq0xqdqlprxv uxoh1 Pruhryhu/ zkhq flufxpvwdqfhv duh vxfk wkdw ixoo| uhyhdolqj
gholehudwlrq lv srvvleoh xqghu xqdqlplw|/ wkhq lw lv olnhzlvh srvvleoh xqghu doo yrwlqj uxohv> wkh
frqyhuvh/ krzhyhu/ lv qrw wuxh1 Ilqdoo|/ zkloh zh h{dplqh d prgho zlwk fkhds wdon wkh edvlf
lqvljkw h{whqgv wr d vhwwlqj lq zklfk djhqwv duh vrphwlphv frqvwudlqhg wr whoo wkh wuxwk1 Dv
orqj dv djhqwv duh fdsdeoh ri klglqj vrph ghflvlrq uhohydqw lqirupdwlrq wkdw vxssruwv wkh vwdwxv






Dudjrqhv/ H1/ L1 Jloerd/ D1 Srvwohzdlwh dqg G1 Vfkphlgohu1 53341 Ukhwrulf dqg Dqdorjlhv1
X1Shqq ZS +Pd|,1
Dxvwhq0Vplwk/ G1 4<<3d1 Lqirupdwlrq wudqvplvvlrq lq ghedwh1 Dphulfdq Mrxuqdo ri Srolwlfdo
Vflhqfh/ 67=4570851
Dxvwhq0Vplwk/ G1 4<<3e1 Fuhgleoh ghedwh htxloleuld1 Vrfldo Fkrlfh dqg Zhoiduh/ :=:80<61
Dxvwhq0Vplwk/ G1 4<<6d1 Lqwhuhvwhg h{shuwv dqg srolf| dgylfh= pxowlsoh uhihuudov xqghu rshq
uxoh1 Jdphv dqg Hfrqrplf Ehkdylru/ 8=60761
Dxvwhq0Vplwk/ G1 4<<6e1 Lqirupdwlrq dftxlvlwlrq dqg ruwkrjrqdo dujxphqw1 Lq Z1 Eduqhww/ P1
Klqlfk dqg Q1 Vfkr￿hog +hgv, Srolwlfdo Hfrqrp|= Lqvwlwxwlrqv/ Frpshwlwlrq dqg Uhsuhvhqwdwlrq
Fdpeulgjh=FXS1
Dxvwhq0Vplwk/ G1 dqg W1 Ihgghuvhq1 53351 Gholehudwlrq dqg yrwlqj uxohv1 Qruwkzhvwhuq X1/
FPV0HPV GS&468<1
Erkpdq/ M1 dqg Z1 Uhkj +hgv, 4<<:1 Gholehudwlyh Ghprfudf|= Hvvd|v rq Uhdvrq dqg Srolwlfv
Fdpeulgjh PD=PLW Suhvv1
Fdoyhuw/ U1 dqg M1 Mrkqvrq1 4<<;1 Udwlrqdo dujxphqw/ srolwlfdo dujxphqw dqg ghprfudwlf
gholehudwlrq1 Sdshu suhvhqwhg wr wkh 4<<; Dqqxdo Phhwlqjv ri wkh DSVD1
Frxjkodq/ S1 53341 Lq ghihqvh ri xqdqlprxv mxu| yhuglfwv= plvwuldov/ frppxqlfdwlrq dqg
vwudwhjlf yrwlqj1 Dphulfdq Srolwlfdo Vflhqfh Uhylhz <7=6:80<61
Glhuphlhu/ G1 dqg W1 Ihgghuvhq1 53331 Lqirupdwlrq dqg frqjuhvvlrqdo khdulqjv1 Dphulfdq
Mrxuqdo ri Srolwlfdo Vflhqfh 77=840981
45Grudv}hovnl/ X1/ G1 Jhudugl dqg I1 Vtxlqwdql1 53341 Frppxqlfdwlrq dqg yrwlqj zlwk grxeoh0
vlghg lqirupdwlrq1 Qruwkzhvwhuq Xqlyhuvlw| ZS +Dsulo,1
Gu|}hn/ M1 dqg F1 Olvw1 53351 Vrfldo fkrlfh wkhru| dqg gholehudwlyh ghprfudf|= d uhfrqfloldwlrq1
Iruwkfrplqj/ Eulwlvk Mrxuqdo ri Srolwlfdo Vflhqfh1
Hovwhu/ M1 +hg, 53331 Gholehudwlyh Ghprfudf| Fdpeulgjh=FXS1
Hulnvhq/ H1 53341 Ghprfudwlf ru whfkqrfudwlf jryhuqdqfhB Q\X Vfkrro ri Odz/ Mhdq Prqqhw
Fhqwhu ZS 9234/ Frpphqw 91
Jhudugl/ G1 dqg O1 \duly1 53351 Sxwwlqj |rxu edoorw zkhuh |rxu prxwk lv 0 dq dqdo|vlv
ri froohfwlyh fkrlfh zlwk frppxqlfdwlrq1 Zrunlqj Sdshu/ Ghsduwphqw ri Hfrqrplfv/ \doh
Xqlyhuvlw|1
Jod}hu/ M1 dqg D1 Uxelqvwhlq1 53341 Ghedwhv dqg ghflvlrqv= rq d udwlrqdoh ri dujxphqwdwlrq
uxohv Jdphv dqg Hfrqrplf Ehkdylru 69=48;0:61
Olspdq/ E1 dqg G1 Vhssl1 4<<81 Urexvw lqihuhqfh lq frppxqlfdwlrq jdphv zlwk sduwldo
surydelolw|1 Mrxuqdo ri Hfrqrplf Wkhru|/ 99=6:307381
Rwwdyldql/ P1 dqg S1 Vruhqvhq1 53341 Lqirupdwlrq djjuhjdwlrq lq ghedwh= zkr vkrxog vshdn
￿uvwB Mrxuqdo ri Sxeolf Hfrqrplfv/ ;4=6<607551
Vkdslur/ L1 53351 Rswlpdo gholehudwlrq1 Mrxuqdo ri Srolwlfdo Sklorvrsk|/ 43=40491
Zdonhu/ M1 dqg G1 Odqh 4<<71 Wkh mxu| v|vwhp1 Ylfwruldq Frxqflo iru Flylo Olehuwlhv/ Fulplqdo
Mxvwlfh GS 582352<7
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